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Abstract
This paper presents a method for robust flutter computation which uses flight altitude as the perturbation variable in order to obtain 
a match point solution. The air density and sound speed of standard atmosphere model are approximated as the polynomial function of 
altitude, such that the flight altitude becomes the single perturbation variable that describes the aeroelastic system. The uncertainties of 
generalized stiffness and damping are considered and the uncertain aeroelastic system can be formulated as linear fractional transforma-
tion (LFT) representation which is suitable for P analysis framework. Finally, the match point solutions of robust flutter margins can be 
computed with structured singular value (SSV) theory. The robust flutter analysis method provided in this paper is suitable for con-
stant-Mach flight flutter test and provides valuable reference for flight envelope expansion. 
Keywords: robust flutter; P-analysis; uncertainty; perturbation; flight flutter test 
1 Introduction*
Flight flutter test is the necessary test process 
in airplane design. This test is implemented with a 
real aircraft to flight in actual flight conditions and 
generates results with more confidence than theo-
retical analysis. But this approach also causes high 
risk and incurs dramatic consumption of time and 
cost[1-2]. In traditional flight flutter test, the airplane 
does not reach the flutter boundaries but flight un-
der subcritical conditions and the responses of the 
airplane are recorded and analyzed in order to esti-
mate the damping and frequency characteristics. 
The damping trends are extrapolated and the flutter 
boundaries are obtained for the damping crossing 
the critical point. 
In order to predict the flutter boundary accu-
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rately and safely and reduce the cost and time of 
flight flutter test, several different methods have 
been developed and used for flight testing including 
the approaches of envelope function, Zimmerman- 
Weissenburger flutter margin and discrete time 
autoregressive moving average (ARMA) modeling. 
But these methods also have some limitations which 
make them be difficult to predict the true flutter 
boundary precisely and the flight testing, even using 
these prediction methods, remains a costly and time- 
consuming process[3-4]. The flutterometer approach 
which is based on robust flutter analysis is a new 
tool for flutter boundary prediction[5]. This approach 
dose not totally depend on theoretical computation 
or flight data analysis but combines the information 
from both of them to predict the onset of flutter. The 
input and output data are analyzed in order to up-
date and validate the theoretical model and the ro-
bust flutter margin which indicates the stability of 
the worst-case of model set are computed by struc-
· 106 · Yun Haiwei et al. / Chinese Journal of Aeronautics 21(2008) 105-114
tured singular value (SSV) theory. The aeroelastic 
system with parametric uncertainty is represented as 
linear fractional transformation (LFT) form which is 
suitable for P-analysis, and then the robust stability 
of the LFT system can be obtained by computing 
the Pvalue as a stability indicator[6-7]. In Refs.[8-10], 
the P-k method which can describe the uncertainty 
of aerodynamic forces in detail and perform robust 
flutter analysis in frequency-domain has been de-
veloped by Borglund. The dynamic pressure was 
considered as a flight parameter in stead of pertur-
bation variable and match point solutions were in-
herently generated. Moreover, both the lower and 
upper bound flutter speeds can be obtained which 
represent the worst-case and best-case respectively. 
Researches have also explored the dynamic behav-
ior of nonlinear aeroelastic system. The block-ori- 
ented identification technique and volterra series 
representation were used to estimate nonlinearities 
by analyzing experimental data and the P-method 
was used to predict robust stability margins which 
indicated both flutter and LCO instabilities[11-12].
Commonly, the envelope is described by two 
variables: flight altitude and Mach number. Thus, 
the flight flutter test is implemented through two 
methods: the varying-Mach prediction and con-
stant-Mach prediction. Varying-Mach prediction can 
be considered as a type of constant-altitude enve-
lope expansion. Regardless of Mach number, the 
flight speed is increased at a fixed altitude to reach 
the subcritical condition. While another method for 
envelope expansion is to operate the aircraft at a 
series of test points along the lines of constant Mach 
number. Such testing inherently involves changing 
the altitude to a desired condition and then changing 
the flight speed so as to keep the Mach number con-
stant. Previous robust flutter computation methods 
considered the dynamic pressure, airspeed and 
Mach number as perturbation variables[5,13-14] and 
generated robust flutter margins which were also 
described by these flight parameters. These formu-
lations are suitable for the predictions of varying- 
Mach flight flutter test, however the constant-Mach 
prediction method is frequently adopted in actual 
flight testing which calls for the development of 
new robust flutter computation algorithm using 
flight altitude as the perturbation variable. This pa-
per will present a robust flutter computation method 
which uses the flight altitude as the single perturba-
tion variable and predicts the robust flutter margin 
by SSV theory. Since the Mach number is constant, 
the dynamic pressure can be expressed as a function 
of altitude and the flight altitude becomes the single 
flight parameter that the aeroelastic system depends 
on. It has been demonstrated that using a single pa-
rameter to describe the flight conditions is an effec-
tive way to produce match point solutions[13]. The 
worst-case perturbation of altitude can be found by 
P-method without considering the influences of 
other parameters, and consequently, the results gen-
erated by this method are guaranteed to be match 
point solutions. 
2 Modeling of Uncertain Aeroelastic  
     System 
2.1 Equation of motion 
The governing equation of an aeroelastic sys-
tem is 
q   M C K Q K K K K          (1) 
where M, C and K are the generalized mass, struc-
tural modal damping and stiffness matrices, respec-
tively, q is the dynamic pressure, Q the generalized 
aerodynamic influence coefficient matrix, and K the 
vector of generalized coordinates. 
The aerodynamic influence coefficient matrix
Q is a function of Mach number Ma and reduced 
frequency k. So it is represented by a set of matrices 
which are computed with a number of distinct val-
ues of reduced frequency. Thus, the aerodynamic 
forces are computed in frequency-domain and are 
not suitable for state-space representation and P-
analysis method. The aerodynamic forces obtained 
in frequency-domain have to be transformed into 
time-domain representations. Several methods often 
referred to as rational function approximations, have 
been developed to describe the unsteady aerody-
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namic forces analytically. Roger’s formulation and 
minimum-state approximation method introduced 
by Karpel are often used and exhibit distinct 
characteristics. Roger’s formulation provides high 
level of accuracy but produces more aerodynamic 
lags, while the minimum-state approximation can 
reduce the number of aerodynamic lags without de-
creasing the accuracy. This paper uses Roger’s for-
mulation to represent the aerodynamic forces as 
follows
2
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where Q1, Q2, Q3 and Ei are coefficient matrices 
which are solved by approximation algorithm; s  
bik i
V
Z , Z is the frequency of vibration, b the ref-
erence semichord, V airspeed, and ri the poles used 
to describe the effects of aerodynamic lags. The 
formulation used in this paper considers two lag 
terms to represent the purely unsteady aerodynamic 
effects. Combining Eq.(1) and Eq.(2) gives the 
equation of motion for a generic aeroelastic system. 
The obtained equation can be written as 
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2.2 Parametric uncertainty 
For complex systems such as a real aircraft, the 
sources and forms of uncertainty are highly diversi-
fied and difficult to be described. The uncertainties 
of mass (fuel consumption), damping and unsteady 
aerodynamic force are the significant sources for 
aircraft systems and the influences of nonlinearities 
and unmodeled dynamics are also non-negligible. 
The additive and multiplicative uncertainties also 
have distinct characteristics. In this paper, the com-
plex influences of uncertainties being derived from 
numerous sources and being of several forms are 
not discussed. We only consider the parametric 
uncertainty of damping and stiffness to demonstrate 
the feasibility of this method. The uncertainties be-
ing considered are shown as follows 
0 1
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          (5) 
where 'C and 'K are the norm bounded uncertainty 
operator subjected to 1K f d'  and 1C f d' , WK
and WC are weightings used to scale the unity- 
bound operator and admit the desired magnitude of 
modeling error, C1 and K1 are chosen to reflect a 
desired type of uncertainty representation. For ex-
ample, Eq.(5) represents the multiplicative uncer-
tainty if C1= C0 and the additive uncertainty is ob-
tained if C1= I. The nominal values of damping and 
stiffness matrices are denoted by C0 and K0. Substi-
tuting the uncertainty expressions into the equation 
of motion and separating the uncertain terms from 
the nominal dynamics gives 
0 1
0 1 0 0
1 1 0
0 0 0
( )
( )
( ) ( )
C C
K K
C C K K
C C K K C K
K
     
    
   
      
   
 
  
 
M C K M C C W
K K W M C K
C W K W M C
K z z M C K w w
K K K K ' K
' K K K K
' K ' K K
K ' ' K K K (6)
The output signals are defined as zC = 1 CC W K
and zK = 1 KK W K , while the input signals are coupled 
with the output signals by defining wC ='C zC  and 
wK ='K zK.
2.3 Approximations of air density and sound 
speed
The air density can be represented as a poly-
nomial function of altitude and is given by 
2
1 2 3H HU D D D            (7) 
It is believed that the approximation of second 
order polynomial provides enough accuracy. The 
sound speed is also approximated as  
s 1 2V HE E   (8) 
The relation between sound speed and altitude 
can be considered as a linear function. Thus, in con-
stant-Mach flight flutter test, the airspeed is ex-
pressed as a function of altitude and is given by 
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s 1 2( )V Ma V Ma HE E     (9) 
In this paper, the range of the flight altitude is 
restricted within 0 to 20 km for which the air den-
sity computed by Eq.(7) is valid. Note that sound 
speed is constant for the range of altitude 11-20 km 
and is considered as Vs = 295.07 m/s. So that the 
relationship of sound speed and altitude is described 
by two models: a linear function model which is 
used for the range of sea level to 11 km and a model 
of constant value which is simple and convenient 
for LFT modeling.  
2.4 LFT modeling of uncertain aeroelastic sy-
stem using altitude as a perturbation var-
iable
Flight altitude is considered as a perturbation 
variable and is given by 
0 įH H H   (10) 
where H0 is the initial value of altitude that can be 
considered as the current flight altitude, and GH the 
perturbation term. Substituting Eq.(10) into Eqs.(4), 
(7) and (8) gives 
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where 0 4, ,O O" , 0 3, ,O O" , 0 2, ,O O"  are the coeffi-
cients of the perturbation variable. It is noted that 
the above equations contain the nonlinear terms of 
altitude perturbation. According to the standard 
process presented in Refs.[13-15], these nonlinear 
perturbations are replaced by the introduction of 
coupled feedback signals. The process is shown as 
follows. Defining 0 1 2, ,    z z zK K K  and 0  w
0 1 1 2 2į , į , įH H H  z w z w z  as feedback signals that 
depend linearly on the altitude perturbation, Eq.(12) 
can be written as  
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Defining zy1 = y1, zy2 = y2 and wy1 = GHzy1, wy2 =
GHzy2 gives 
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Defining z3 = w0, z4 = w1, z5 = w2 and w3 = GHz3,
w4 = GHz4, w5 = GHz5 for the second order nonlinear-
ity, the following equations are obtained 
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Similarly, defining z6 = w3, z7 = w4 and w6 =
GHz6, w7 = GHz7 to associate with the cubic nonlin-
earity and defining z8 = w6, z9 = w7 and w8 = GHz8,
w9 = GHz9 to represent the fourth order nonlinearity, 
then introducing coupled feedback signals to re-
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place the explicit dependence on the nonlinear per-
turbation with an implicit dependence gives 
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2.5 LFT representation for robust flutter ana-
lysis
The P-method framework requires that the un-
certain aeroelastic system should be expressed in 
LFT form. Equating Eqs.(6)-(21) and defining  M
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And then according to Eqs.(22)-(24), the 
state-space equations can be easily obtained and 
expressed in LFT representation which is illustrated 
as Fig.1, where K
C
ª º
 « »
¬ ¼
0
0
'
'
'
 and P denotes the 
nominal system. 
Fig.1  The block diagram of LFT system model. 
2.6 Computation of robust flutter margin 
The principle of robust flutter analysis is to 
find the largest perturbation of altitude that the un-
certain system can endure by SSV theory. In this 
paper, the robust flutter margin is defined as the 
distance between initial value of flight altitude and 
the altitude associated with P(P) = 1 for a certain 
value of Mach number. It should be noted that ro-
bust flutter analysis is to analyze the robust stability 
of a model set and the stability boundary of the 
worst-case in the model set is calculated. Thus, ro-
bust flutter analysis can reflect the deterioration of 
the uncertainties to stability boundary and essen-
tially produces conservative results. 
In robust flutter analysis, the key point to pro-
duce a less conservative and more confident results 
is the modeling of uncertainty. The unreasonable 
uncertainty models which do not accurately describe 
the uncertainty of actual system and overestimating 
or underestimating the level of uncertainty will lead 
to failure of robust flutter margin prediction. There-
fore, the determination of the uncertainty source in 
actual aeroelastic system, the structure of the uncer-
tainty model and model validation can be viewed as 
the prerequisites of a successful robust flutter analy-
sis.  
As for flight testing, there are numerous sou- 
rces of uncertainty in aeroservoelastic system such 
as uncertainties in stiffness and damping, the uncer-
tainties of unsteady aerodynamics and turbulence 
and the uncertainties induced by actuator and sensor 
in control system. The source and description of 
uncertainty can be determined according to the 
characteristics of actual system and engineering 
experience. For example, nominal model is relative 
accurate in subsonic and supersonic flight condi-
tions. But in transonic region, the level of aerody-
namic uncertainty increases due to the existence of 
shock wave. Also, the exciting system may cause 
the uncertainty in input signals and different excit-
ing systems (rocket exciting system or DEI exciting 
system) influence the weighting functions with dif-
ferent manners[5].
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The flight data are analyzed and incorporated 
into the model validation algorithm to determine the 
levels of uncertainties. It is believed that the bounds 
of uncertainties derived from model validation are 
highly dependent on the quality of flight data. 
However, the low signal noise ratio of flight data as 
well as the nonlinearities and unmodeled dynamics 
can not be neglected in practical testing. Although 
some advanced methods have been successfully 
developed[16], the bounds of uncertainties are diffi-
cult to be identified accurately and are often over- 
estimated which may lead to conservative re-
sults[17-18]. In this paper, the sources and levels of 
uncertainty are modeled and estimated artificially, in 
order to demonstrate the validity of the approach. 
The details of model validation can be found in 
Refs.[3, 5]. 
3 Examples 
3.1 Robust flutter computation for a two-deg-
ree-of-freedom airfoil 
The aeroelastic wing section oscillating with 
pitch and plunge degree-of-freedom is shown in 
Fig.2. The quasi-steady aerodynamics is adopted to 
represent the unsteady aerodynamic force and mo-
ment. 
Fig.2  Two-dimensional wing section model. 
The governing equations of motion are given 
by Eqs.(25)-(27), of which the model parameters are 
provided in Ref.[5] and are given in the Appendix. 
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The air density is approximated by second-  
order polynomial and is shown as 
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u          (28) 
The uncertainty of damping for plunge degree- 
of-freedom is assumed to be additive uncertainty 
and the magnitude of modeling error is set to be 5.0. 
Likewise, the uncertainty of stiffness for pitch de-
gree-of-freedom is considered as additive uncer-
tainty and the associated weighting is chosen to be 
0.5. The robust stability analysis of the uncertain 
aeroelastic system is performed for V = 20 m/s and 
H0 = 12.0 km and calculated by P-toolbox of MAT- 
LAB[10]. The results are shown in Table 1. 
Table 1 Results of flutter boundary (2-D airfoil) 
H0/km Hnom/km Hrob/km 
12.0 10.449 10.580 
The results are converted into flutter speeds for 
sea level in order to make comparison with the re-
sults generated by the method based on airspeed 
perturbation.
In Table 1, H0 is the initial value of altitude 
which can be considered as the current flight alti-
tude, Hnom is the nominal flutter boundary and Hrob
is the robust flutter boundary considering the influ-
ences of damping and stiffness uncertainties. Table 
2 indicates that the results produced by altitude per-
turbation method consist with those produced by 
airspeed perturbation method. Note that the robust 
flutter speeds calculated by the two methods are 
slightly different. A reasonable interpretation can be 
obtained by re-examining the formulations of un-
steady aerodynamic forces. Although, the eigenval-
ues of the aeroelastic system are primarily affected 
by dynamic pressure, the airspeed presented in 
aerodynamic formulations is also a contributing 
factor. Since the flutter boundaries are transformed 
only according to the dynamic pressure, different 
Yun Haiwei et al. / Chinese Journal of Aeronautics 21(2008) 105-114 · 111 · 
results are obtained. The robust flutter speed is less 
than the nominal flutter speed, it demonstrates that 
the robust flutter boundary takes the influence of 
uncertainty into consideration and is the stability 
boundary of the worst-case. 
Table 2 Flutter speed at sea level (2-D airfoil) 
Method Altitude pertur-bation method 
Airspeed pertur-
bation method 
V-g
method 
Vnom/(m·s–1) 11.42 11.42 11.42 
Vrob/(m·s–1) 11.07 11.13 — 
3.2 Robust flutter computation for a straight 
wing 
The finite element model of the wing for cal-
culating normal modes using MSC/NASTRAN is 
shown in Fig.3. The airfoil is designed as NACA- 
0012 and the unsteady aerodynamic forces are 
computed by doublet-lattice method. DMAP lan-
guage is used to export the structural data of the 
model and aerodynamic influence coefficient ma-
trices[19].
Fig.3  Straight wing model. 
The sound speed is approximated as 
s ( 4.080 8) 340.67V H          (29) 
It is noted that Eq.(29) is only valid for the 
range of 0-11 km. The sound speed is a constant, i.e. 
Vs = 295.07 m/s, for altitude from 11 km to 20 km. 
Thus, two LFT systems are modeled for the two 
different sound speed representations respectively. 
According to the altitude perturbation calculated in 
each computing loop, the system can be switched to 
one another such that the variation of sound speed is 
actually reflected. 
The nominal generalized mass, damping and 
stiffness matrices are obtained by finite element 
structural analysis. The different magnitudes of 
modeling errors for each mode can be realized sim-
ply by assigning a proper value to each diagonal 
element of matrices WK and WC. As a matter of fact, 
the levels of uncertainty should be determined by 
model validation method that verifies the consis- 
tency between the uncertain model and the input 
and output data measured in flight flutter test.  In 
this study, it is assumed that there are 10% of un-
certainty in damping and 15% of uncertainty in 
stiffness being used to demonstrate the validity of 
the presented method. 
The robust flutter boundaries for Ma = 0.6 and
H0 = 8.0, 7.0, 6.0 km are obtained by a MATLAB 
numerical analysis using P-toolbox[20]. The results 
are shown in Table 3. 
Table 3 Results of flutter boundary (3-D straight wing) 
H0/km Hnom/km Hrob/km 
8.0 4.665 6.117 
7.0 4.665 6.117 
6.0 4.665 6.117 
Table 3 indicates that the presented method in-
herently produces match point solutions for differ-
ent values of the initial altitude. In fact, the levels of 
uncertainty for different flight conditions are dif-
ferent. It is believed that the test point which is 
close to the flutter boundary can produce more con-
fident results that may reflect the actual level of 
uncertainty associated with flutter boundary. 
The robust flutter boundaries and nominal flut-
ter boundaries for different levels of uncertainty are 
shown in Fig.4. It is observed that the robust flutter 
boundary becomes more conservative as the level of 
uncertainty increases. The results produced by ro-
bust flutter analysis are the stability boundaries of 
the worst-case which is defined by the uncertainty 
operator. Thus, for the same uncertainty model, the 
flutter boundary of the worst-case associated with 
larger size of uncertainty is more conservative than 
that of the worst-case determined by smaller size of 
uncertainty. This indicates that the precise informa-
tion of uncertainty model is very important and 
consequently, model validation is the crucial tech-
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crucial technique for robust flutter analysis. Fig.5 
exhibits the flutter boundaries for different levels of 
uncertainty. The Mach number is set to be 0.6. The 
flutter boundaries are affected remarkably by the 
weighting matrix of the stiffness and become con-
servative as the weighting increases. The flowchart 
of this method and the computation procedures are 
shown in Fig.6. In Fig.6, WH is the weighting of 
altitude perturbation and denotes the robust flutter 
margin when the value of the uncertain aeroelastic 
system is 1.   
     (a) 2% of stiffness and 5% of damping uncertainty 
   (b) 5% of stiffness and 10% of damping uncertainty 
   (c) 10% of stiffness and 15% of damping uncertainty 
(d) 15% of stiffness and 20% of damping uncertainty 
Fig. 4  Flutter boundaries with different levels of uncer-
tainty.
Fig.5  Robust flutter boundary versus the level of uncer-
tainty. 
(a) Flowchart of robust flutter analysis with altitude perturbation 
Yun Haiwei et al. / Chinese Journal of Aeronautics 21(2008) 105-114 · 113 · 
(b) Flowchart of robust flutter boundary computation 
Fig.6  Flowchart of robust flutter analysis with altitude 
perturbation and robust flutter boundary computa-
tion.
4 Conclusions 
This paper presents a robust flutter analysis 
method that uses flight altitude as the single pertur-
bation variable. Flight altitude is used to describe 
the flight conditions and P-analysis is used to find 
the worst-case perturbation to altitude without con-
sidering the influences of other parameters. The 
numerical results of 3.1 indicate that both the pre-
sented method based on altitude perturbation and 
the previous method using airspeed as perturbation 
variable have produced similar robust flutter mar-
gins. This demonstrates the validity of the method 
presented in this paper. This formulation represents 
that the dynamic pressure is taken as a function of 
altitude and the flight condition of the model can be 
described by a single parameter, i.e. the flight alti-
tude. Thus, the match point solutions of Example 2 
were obtained. The results indicate the same robust 
flutter boundary on which the initial value of H0 has 
no influence. The robust flutter boundaries for dif-
ferent levels of uncertainty are computed and the 
relations between the level of uncertainty and robust 
flutter boundary are investigated. It is observed that 
the robust flutter boundary becomes conservative as 
the level of uncertainty increases. This paper pro-
vides the robust flutter analysis method which is 
suitable for constant-Mach flight flutter test and 
serves as valuable reference for flight envelope ex-
pansion.
Model validation of uncertain aeroelastic sys-
tem and reduction of conservativeness are the pos-
sible research directions in future work. Advanced 
signal processing methods such as wavelet analysis 
and nonlinear identification theories and algorithms 
can be used to identify and validate the uncertainty 
in order to describe the dynamic behavior more ac-
curately and decrease conservativeness of the pre-
dicted results. 
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Appendix˖
System parameters˖
2
h
2
h
3
12.387 kg, 0.135 m, 0.6
0.246 6, 0.065 kg m
2844.4 N / m, 3.525 N m / rad
27.43 kg / s, 0.036 kg m / s
1.226 kg / m , 6.28, 0.635l m
m b a
x I
k k
c c
c c
D D
D
D
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